Let C be a small category with weak finite limits, and let Flat(C) be the category of flat functors from C to the category of small sets. We prove that the free exact completion of C is the category of set-valued
The purpose of this paper is to generalize the above-mentioned result to a small category C with weak finite limits. The significance of the existence of weak finite limits for embedding theorems is already indicated in Freyd's early work [7] .
For a small category C, let C* = Flat(C) be the category of all flat functors from C to Set. The categories of the form C* are known to be finitely accessible (see [9, 12] ). In case C has weak finite limits, they are exactly the finitely accessible categories with small products (see Theorem 1.7). Furthermore, for a category A with small products and filtered colimits, let A + = fj Filt(A, Set) be the category of functors from A to Set that preserve small products and filtered colimits. The fact that, in Set, small products and filtered colimits commute with finite limits and regular epimorphisms gives that A + is Barr-exact. For A = C*, with C having weak finite limits, we prove that A + has enough projectives (see Theorem 2.1). The main result of the paper is formulated in Theorem 4.1. The 'finitary' case of it says that, for any small category C with weak finite limits, the free exact completion of C is C* + , the category of those set-valued functors of C* which preserve small products and filtered colimits. In order to prove freeness, we need to extend the notion of flat functor from set-valued functors to functors with arbitrary Barr-exact codomain (see Definition 3.1).
This work extends Makkai's work on 'A theorem on Barr-exact categories' and the author's previous work on 'Dualities for accessible categories', see [11, 8] . The approach is the same as the one taken in Barr [3] and Makkai [11] . A theorem of Barr [3] (Proposition 1.2) is used in the proof of our main result (Theorem 4.1).
Throughout the paper the condition 'finite' is traded for 'less than K\ with an arbitrary regular cardinal number /c.
A duality theorem for K -accessible categories with products
Let AC be an infinite regular cardinal. Recall from [7] that an object A of a category A is said to be /c -presentable if the representable functor A(A, -) preserves K -filtered colimits existing in A. A is K-accessible if: (i) A has /c-filtered colimits; (ii) there is a small subcategory C of A consisting of K -presentable objects such that every object of A is a /c-filtered colimit of a diagram of objects in C. A category is accessible if it is K -accessible for some /c. A functor F : A ->• B is AT-accessible if A and B are /c-accessible categories and F preserves /c-filtered colimits. A functor between accessible categories is accessible if it is /c-accessible for some /c (see [12] ).
The full subcategory of A whose objects are /c -presentable is denoted by \ K . Recall that for a small category D, a functor F : D -> Set is K-flat, if it is a /c-filtered colimit of representable functors (see [9, 12] ). As shown in [12] , a category A is K-accessible if and only if it is equivalent to the category of the form K-Flat(D) with D small; here /c-Flat(D) is the category of/c-flat functors from D to Set. [3] Flat functors and free exact categories 145
A AC-accessible category with products is called weakly locally K-presentable in [1] . For a /c-accessible category A having products, [~[ Fill,. (A, Set) denotes the category of functors from A to Set that preserve /c-filtered colimits and products.
Recall from [2] that a category is exact if it has finite limits and stable quotients of equivalence relations. A functor between exact categories is regular if it preserves finite limits and quotients of equivalence relations. The notions of K-Barr-exact category and K-regular functor are introduced in [11] , for K any infinite regular cardinal. They are a natural generalization of the notions of exact category and regular functor. DEFINITION 1.1. ( [11] ) A category D is K-Barr-exact if it is exact, has K-limits, and satisfies the principle of < K dependent choices (DC K ): let a be an ordinal less than K, and let F = (Ap, f^Y : Ap -> A Y ) Yi p <a be an inverse diagram of type a in D such that (i) fp+i.0 is a regular epi, for every fi with fi + 1 < a; and (ii) the restriction F | < fi of F to the domain consisting of all ordinals y < fi is a limit diagram: Ap is a limit of F | < fi (F restricted to ordinals < fi) with limit projections fp tY : Ap -»• A Y (y < fi), for every limit ordinal fi < a.
Then every fp iY is a regular epi, for all y < fi < a.
A functor between K-Barr-exact categories is K-regular, if it preserves all regular epis and all K-limits. *r-Reg(B, D) denotes the category of K-regular functors from B toD.
The following result will be used in Section 4. The result is due to M. Barr for the case K = X o (see [3] ). We now Let C to be a small category with weak /c-limits. To show that K-Flat(C) has products, we only need to check that K-Flat(C) is closed under products in (C, Set).
Let {Ft : C -• Set), €/ be a small set of Ac-flat functors. Note that a functor F is /c-flat if and only if the category el(f) of elements of F is K -filtered (see [9, 12] ). We will verify that el(Af), with M = F]. € / F,, is /c-filtered since each el(F,) is K-filtered.
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700037575 [4] Let K be a graph of size less than /c, and let The following duality theorem for K -accessible categories with products is now obtained easily.
THEOREM 1.7. A category is K-accessible and has products if and only if it is
equivalent to the category of the form K -Flat(C), for some small category C with weak K-limits.
PROOF. For a ACT-accessible category A, one already has the equivalence A / c-Flat(Af) (see [12] 
Canonical a:-flat functors on a small category with weak K -limits
For any small category C with weak K-limits, by Proposition 1.3, /c-Flat(C) is K-accessible with products. We denoted /c-Flat(C) by C*. Let \\ Filt^C*, Set) be the category of all functors from C* to Set that preserve A:-filtered colimits and products; it is denoted by C* + .
We consider the evaluation functor
Since C* is the free K-filtered colimit completion of C op (see [9, 12] use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700037575 [7] Flat functors and free exact categories 149 (ii) In the case that C is small with K-limits, a functor between C and B preserves K-limits if and only if it is K-flat. The necessary condition of this statement is trivial, the proof of the sufficient condition will be given by Theorem 4.1 (see Corollary 4.3).
We now assume that C is a small category with weak K-limits. We use K-Flat(C, B) to denote the full subcategory of (C, B) whose objects are /c-flat functors. We have use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700037575 [9] Flat functors and free exact categories 151
We continue the proof of Theorem 3.5. Since / is final, according to [10, Theorem IX.3.1] , to prove that F! exists, we only need to show that the pair of morphisms (F(«), F(V)) has a coequalizer in B. 
Let (p,q) be the product projections of F(A)Y\F(A), and let € : F(S) -> F(A) f] F(

idp(A) = F(u) o F(k) -p o y o x o F(k) = q o y o x o F(k).
C o n s e q u e n t l y , A = y o (x o F(k)).
( Similarly,
ii) ( S y m m e t r y ) T h e r e e x i s t s a m o r p h i s m t : Q -> Q s u c h that
q o y o x o F ( n ' ) of=qoyoxo F ( n ' ) o g.
It follows that yoxo F(n') o / = y ox o F{n')og from the product projections (p, q).
But y is mono, so x o F(n') o / = x o F(n') o g. Since (/, g) is the coequalizer of x, there is a unique morphism t : g -»• 2 such that f o JC = JC o Fin'). It is easily seen that r is as required.
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700037575 From the above proof, we see that F ! takes any regular epi with domain in C into regular epi. Indeed, given a regular epi e : P -> Q in C* + , we take a regular epi d : C ->• P with C e C. Since F(e) o F(d) is a regular epi, so is F(e).
F(u) oF(t) = F(u) o F(r) and F(v) o F(s) = F(v) oF(r)
REMARK 3.8. From the proof of Theorem 3.5, we see that the left Kan extension F! of Theorem 3.5 preserves the coequalizer of the kernel pair of any regular epi. We will study such functors in a forthcoming paper. The fullness and faithfulness of £ follows from the properties described in Theorem 2.1; for details, see the proof of [8, Proposition 5.8] . We now prove that £ is surjective on objects. Since E is full and faithful, by [10, Corollary X.3.3] , it suffices to show that for any /c-fiat functor F : C -> B, F has a left Kan extension F ! of F along e c , and F ! is K-regular. The existence of F ! was shown in Theorem 3.5. Since F! preserves regular epimorphisms, it remains to show that F ! preserves /c-limits.
Exact completion of weak-lex categories
Without loss of generality, we may assume that B is small, since both of C and C* + are essentially small. PROOF. The proof of the theorem is analogous to that of Theorem 4.1.
